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Modelling the Top40 volatility skew : A principal component 
analysis approach 
 
 
1. INTRODUCTION* 
 
Hedge Funds, Asset Managers and Traders that 
participate in option markets are all exposed to 
changes in implied volatility, as these changes directly 
affect the value of an option. In general, implied 
volatility s)(t,σK  is a forecast of an asset’s return 
uncertainty over a specified future time period t , 
implied from the price of an option (strike level: K, 
market level: S). 
 
Alexander (2001a&b) considers the risk implications of 
these ‘changes in implied volatility’. She constructs a 
model that explains volatility change (particularly 
volatility skew) as a result of three dominant effects: 
trend, slope and convexity. Her model has some 
appeal in that these independent factors are readily 
understandable and their effect on an option’s price 
can be calculated independently.  
 
Decomposing volatility risk in this way benefits both 
option traders and risk managers. The intention is to 
explore these benefits in an emerging market setting 
by applying Alexander’s implied volatility model to the 
less liquid South African Top40 option market. 
 
2. VOLATILITY SKEW 
 
The volatility change process mentioned above refers 
specifically to changes in implied volatility relative to 
that of an at-the-money option (an at-the-money option 
is defined to have a strike that equals the underlying 
futures price at inception of the option transaction 
concerned). This relative measure of implied volatility 
is often referred to as volatility skew.  
 
Mathematically, volatility skew represents an implied 
volatility difference i.e., for a given vanilla option the 
associated skew can be defined to represent the 
difference between its implied volatility s)(t,σK  and 
that of an at-the-money option s)(t,σATM , for the same 
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expiry. We denote daily volatility skew for a fixed strike 
option as: 
 

K ATMσ (t,s) σ (t,s)−   … (1) 
 
Alexander’s volatility model is unique in that she 
chooses to model implied volatility using daily changes 
in volatility skew, instead of daily implied volatility 
changes for fixed strike options (see: Kamal and 
Derman (1997), Skiadopoulos et al. (1999), Ané and 
Labidi (2001), Fengler et al. (2003)). 
 
The daily change in volatility skew is expressed as:  
 
( )K ATMΔ σ (t,s) σ (t,s)−  ... (2) 

 
Her motivation for using daily skew change data is 
that it is less noisy than daily implied volatility 
change data. Moreover, skew data is highly stationary 
i.e., it has finite variance and is mean reverting. 
Stationarity is a necessary requirement for the 
successful application of many time-series-based 
models particularly the Principal Component Analysis 
(PCA) method chosen by Alexander (2001a&b). 
 
3. THE ROLE OF PRINCIPAL COMPONENT 

ANALYSIS 
 
An observable characteristic of skew change data is its 
high degree of collinearity. That is, there are common 
sources of information driving the daily evolution of 
skew change, across all strikes. In constructing the 
skew model it is useful to have the most important 
and the most independent of these common sources 
of information exposed. This would then explain the 
daily changes in skew, for any given strike, using the 
smallest number of relevant independent variables.  
 
Principal Component Analysis is a mathematical 
technique that can be used to construct such a 
framework of independent factors for a given set of 
sufficiently correlated data. In fact, PCA has been 
successfully applied to highly correlated fixed-income 
data, to model the yield curve. The results show that 
the dynamics of the yield curve can be explained by 
three dominant independent components i.e., the 
‘trend’, ‘slope’ and ‘convexity’ effects. Interestingly 
enough, Alexander’s PCA methodology produces a 
volatility skew model whose variability is dependent on 
these same factors.   
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4. SALIENT FEATURES OF PRINCIPAL 
COMPONENT ANALYSIS 
 

Principal Component Analysis can be expressed as a 
maximisation problem that results in the transformation 
of k correlated variables into a set of p independent 
components or factors. The variance-covariance 
matrix (or correlation matrix) of these components 
closely matches, if not equals, that of the original time 
series data, where p ≤  k. If the information content of 
the p components, as measured by the correlation 
matrix, say, still closely resembles that of the original 
data structure containing k variables, then the p 
principal components can be used to replace the initial 
dataset. In this way the dimensionality of the problem 
may be reduced without introducing any significant 
information loss. 
 
A PCA model produces output in the form of 
eigenvalues and the eigenvectors (see Sections 4.1 
and 4.2). The required PCA model input in this study is 
a correlation matrix generated from the ‘daily skew 
change’ time series data.   
 
4.1 Eigenvalues 
 
An eigenvalue is an estimate of the variance explained 
by a particular component. If most of the total 
population variance can be attributed to the first two or 
three ordered principal components, then these 
components can replace the original k variables 
without much error or loss of information. 
 
4.2 Eigenvectors 
 
An eigenvector is typically a column vector comprising 
the weights for each strike, associated with a given 
principal component. These weights are conceptually 
similar to the coefficients in a multivariate regression. 
Each eigenvector has a corresponding eigenvalue. 
 
Inspecting the eigenvectors is useful when attempting 
to interpret the principal components. 
 
4.3 The principal components 
 
The principal components are column vectors that 
resemble time series data in a regression model. 
These components are, by construction, not correlated 
with each other and are typically ordered by 
decreasing explanatory power. As such, they each 
represent a column of ‘synthetic’ time series data. 
Consequently, the components may not always be 
interpretable into known market variables. Their 
interpretation in the context of the Top40 skew model 
however, is discussed in more detail in Section 6. 
 
Each column of daily skew change in the original input 
dataset can be expressed as a linear combination of 
the independent principal components, weighted by 
the coefficients in the corresponding eigenvector. 

5. DATA DESCRIPTION 
 
A Cadiz FSG volatility database is used to model the 
Top40 skew surface. This dataset comprises cleaned 
daily implied volatility data s)(t,σK  on near-dated 
Top40 options covering seven fixed strikes: K ∈ 
{16000, 16500, 17000, 17500, 18000, 18500, 19000}, 
over the six month period 2nd February 2006 to 24th 
July 2006.  
 
Applying Equation (2) to each strike generates daily 
skew changes as required by Alexander’s model. The 
initial implied volatility database includes the near-
dated futures mark-to-market level i.e., a proxy for the 
at-the-money strike as well as the corresponding at-
the-money implied volatility level. As a noise reduction 
measure, consideration was given to building the 
Top40 volatility surface using weekly skew change 
data. There was, however, not enough weekly data to 
satisfy the initial model requirements.  
 
6. METHOD 
 
The construction of the Top40 skew model follows 
Alexander’s methodology in a step-by-step fashion, 
starting with the calculation of the correlation matrix:  
 
6.1 The correlation matrix 
 
Define kTY ×  to be the matrix of daily skew changes for 
all seven strikes (i.e., the number of strike levels under 
consideration is given by: k = 7 and T represents the 
number of days for the time period under investigation) 
and calculate its symmetric correlation matrix kkV × . 
This is presented in Table 1. 
 
Recall that the objective of PCA is to find the 
eigenvectors and eigenvalues of the input correlation 
matrix V . 
 
6.2 The eigenvalues and eigenvectors 
 
This eigenvector-eigenvalue decomposition of V  is 
represented mathematically as:  
 

T WΛWV =  ... (3) 
 
where  
 

)λ ,,λ ,diag(λΛ k21kk …=×  ... (4) 
 
Λ is a diagonal matrix of eigenvalues relating to the 
eigenvector matrix W , with: 
 

)w,,w,(wW k21kk …=×  ... (5) 
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The thm column of W , is the 1k×  eigenvector 
corresponding to the thm eigenvalue mλ , denoted:  

T
m 1m 2m kmw (w ,w , ,w )= …  ... (6) 

 
Note that the column labelling has been chosen such 
that km21 λλλλ >>>>> "" .  
 
Table 2 illustrates the output from the PCA model 
which applies the decomposition in Equation (3) to 
correlation matrix V . 
 
The decomposition shows the eigenvalues and 
eigenvectors in decreasing order of explanatory power. 
These eigenvectors are represented as columns 
labelled 721 w,,w,w …  in Table 2. The first eigenvalue 
corresponds to eigenvector ,w1  the second 
eigenvalue corresponds to eigenvector ,w2  etc. 
 
6.2.1 Interpreting the eigenvectors 
 
The weights as represented by the elements of each 
eigenvector explain the effect that the relevant 
component has on driving skew change, for the given 
strikes.  
 
Analysing these coefficients can help label the 
principal components. Alexander explains that the 

elements of the first three eigenvectors are of 
particular interest in this labelling process, as their 
corresponding components explain the bulk of the 
variability in skew change data (see Section 6.4).  
 
Using an S&P implied volatility dataset as input to the 
skew model, Alexander defines the first three 
components as the trend, slope and convexity effects. 
The subsections that follow discuss these effects 
within the context of the Top40 skew model.   
 
At this point it is worth making a brief mention of the 
occasional lack of consistency when comparing the 
behaviour of the eigenvector weights of the first three 
components in Alexander’s S&P-based model to those 
of the Top40 model: this is largely due to liquidity 
issues in the Top40 option market data. Moreover, the 
S&P model incorporates many more liquid strikes, 
creating depth in Alexander’s results.   
 
6.2.1.1 Trend component 
 
In Table 2 most of the weights in the first eigenvector 

1w  are positive. The lowest weights are concentrated 
around the low strikes and they tend to increase in 
value as the strikes increase. This behaviour is 
confirmed in Alexander’s S&P study.  
 

 
Table 1: Correlation matrix 
 

Strikes 16000 16500 17000 17500 18000 18500 19000 
16000 1,00 0,52 0,02 0,34 0,11 0,09 0,01 
16500 0,52 1,00 0,28 0,39 0,22 0,28 -0,02 
17000 0,02 0,28 1,00 0,55 0,59 0,63 -0,05 
17500 0,34 0,39 0,55 1,00 0,46 0,65 0,01 
18000 0,11 0,22 0,59 0,46 1,00 0,54 -0,04 
18500 0,09 0,28 0,63 0,65 0,54 1,00 0,03 

19000 0,01 -0,02 -0,05 0,01 -0,04 0,03 1,00 
 
 
Table 2: Eigenvalue – Eigenvector decomposition 
 
Contribution Eigenvalues  Strikes Matrix of Eigenvectors   

      w1 w2 w3 w4 w5 w6 w7 
42,66% 2,99 16000 0,22 -0,71 -0,01 0,05 0,48 -0,23 -0,4 
19,18% 1,34 16500 0,33 -0,53 -0,06 0,21 -0,67 0,26 0,19 
14,40% 1,01 17000 0,46 0,3 -0,04 0,13 -0,32 -0,73 -0,23 
7,67% 0,54 17500 0,48 -0,05 0,06 -0,54 0,24 -0,12 0,63 
7,24% 0,51 18000 0,42 0,25 -0,04 0,7 0,39 0,26 0,21 
4,78% 0,33 18500 0,47 0,24 0,09 -0,37 -0,03 0,52 -0,55 
4,05% 0,28 19000 -0,01 -0,03 0,99 0,11 -0,04 -0,05 0,02 
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Positive (negative) movements in the first component 
typically result in positive (negative) changes in the 
volatility skew - for each strike. In this way, component 
one influences the general level of the volatility skew 
across all strikes. It causes the skew change for each 
strike to trend up or down relative to the weights in 

,w1  as it moves up or down. The first factor is thus 
labelled the trend component of the volatility skew.  
 
6.2.1.2 Slope component 
 
Inspecting the coefficients of the second eigenvector 

2w  shows that the signs of low strike options are 
negative, whilst they are predominantly positive or 
close to zero for the higher strike options. A given 
change in component two has the opposite effect on 
high and low strike skew changes, resulting in a slope 
adjustment in the skew profile.  
 
Low strike options are impacted the most by changes 
in component two, given that their weights are larger in 
absolute terms than those of the higher strikes. This is 
reinforced empirically as lower strike options have the 
highest risk in the equity option markets.  
 
Alexander’s S&P results clearly show the same 
relationship, with the absolute values of the weights 
in the second component going from high (for the low 
strikes) to low (for the high strikes). The signs of the 
weights are dependent on the way in which the 
orthogonal basis vectors are orientated in the PCA 
model – this may vary depending on the PCA software 
used.2 
 
6.2.1.3 Convexity component 
 
In Alexander’s liquid S&P dataset, the coefficients of 
the third eigenvector, ,w3  have the same signs at 
both ends of the strike range and opposite signs for 
options in the middle of the strike range, resulting in 
changes in convexity of the skew surface. The Top40 
weights, partly match this profile. Whatever the lack of 
consistency when comparing these Top40 and S&P 
skew model weights, the overall behaviour of 
component three for the Top40 model is found to be 
explained by the convexity effect.   
 
6.2.2 Interpreting the eigenvalues 
 
The eigenvalues in Table 2 indicate that component 
one, i.e., the trend effect explains 42% of the variability 
in skew changes, the slope 19% and convexity an 
additional 14%.  
 
In total, the first three components explain 76,24% of 
the variability in skew changes. The biggest contributor 

                                                 
2The PCA software used in this study was a dynamic link library 
(dll) that interfaces with Excel: built by Grant Shannon. 

to skew change is the trend effect. Comparatively, 
Alexander’s S&P model explains approximately 90% of 
the total variability in the S&P volatility skew changes.  
 
The difference between the 76% and the 90% reflects 
in part the information loss that can occur between a 
liquid market skew dataset and a less liquid emerging 
market equivalent.  
 
6.3 The principal components 
 
The next part of the model building process is to 
generate the principal component matrix kTP ×  
governed by the following relationship:  
 

YWP =  ... (7) 
 
where  
 

)k21 P ,,P ,(PP …=  ... (8) 
 
and  
 

iP  is a 1T×  column vector which represents the 
thi principal component, for k ,2, 1,i …= . 

 
Recall: 
 

)Y,,Y,(YY k21 …=   ... (9) 
 
where, k21 Y,,Y,Y …  are the 1T×  column vectors of Y , 

then the thm principal component of the system is 
given by: 
  

kkm22m11mmm YwYwYwYwP +++== "  ... (10) 
 
Due to the column labelling in W , the principal 
components have been ordered so that 1P  belongs to 
the first and largest eigenvalue 1λ , 2P  belongs to the 
second largest eigenvalue 2λ  and so on.   
 
Since: 
 

1T WW −=   ... (11) 
 
i.e., the transpose of the eigenvector matrix equals its 
inverse, we can thus write: 
 

TPWY =  ... (12) 
 
Hence, for k ,2, 1,i …=  : 
 

kik2i21i1i PwPwPwY +++= "  ... (13) 
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As mentioned in Section 4.3, each column vector of 
the original skew change dataset may be written as a 
linear combination of the orthogonal principal 
components k21 P ,,P ,P … , with coefficients given by 
the appropriate row in the kk×  eigenvector matrix 
W . Stated slightly differently, the original implied 
volatility skew change dataset can now be 
reconstructed exactly using all seven principal 
components. 
 
6.4 Dimensionality reduction 
 
Recall that Principal Component Analysis attempts to 
reduce the dimensionality of the full skew model 
(seven components) without impacting too much on 
the accuracy of the resultant implied volatility 
estimates. Using the eigenvalues as our guide, only 
those variables that explain a large enough percentage 
of the variability in the daily skew change dataset are 
chosen. 
 
The results in Section 6.2.2 show that overall, 76% of 
the variability in the skew change data, is explained by 
the first three principal components. To be consistent 
with Alexander’s S&P model, these first three 
components are used to model Top40 skew 
change kT*Y × , i.e., the number of selected principal 
components is given by: p = 3. Mathematically, this is 
represented as:  
 

T
33

T
22

T
11ATMK wPwPwP)σΔ(σY* ++=−≡  ... (14) 

 
The estimated daily skew deviations generated from 
Equation (14) are translated into fixed strike implied 
volatilities by calculating the skew for each strike on a 
given day and then adding this to the corresponding 
ATM volatility level. This generates daily implied 
volatility approximations for each of the seven strikes 
for the full six month period under investigation.  
 
The Top40 implied volatility surface estimated in this 
way can be compared to the original Top40 implied 
volatility dataset.  
 
Tables 3 and 4 illustrate data subsets from the 
‘estimated’ and ‘original’ implied volatility surfaces.  
 
Note that the addition of more components to improve 
the model ‘fit’ will not impact on the effect that trend, 
slope and convexity have on skew change.  
 
Moreover, the reduction in the dimensionality of the 
model, down to three orthogonal components, plays an 
increasingly significant role as more strikes are 
included in the description of the original volatility 
surface. 
 
Alexander’s next step is to introduce a functional form 
for each of the dominant principal components. In 
essence this adjustment creates a link between the 
‘market regime’, the behaviour of the components and 
ultimately the behaviour of the volatility skew. 
 

Table 3:  Implied volatility data SUBSET – ORIGINAL volatility surface 
Date 16000 16500 17000 17500 18000 18500 19000 

2006/05/17 27,52 22,52 21,93 23,18 23,14 20,22 19,40 

2006/05/18 25,27 22,21 21,66 22,42 21,29 20,00 19,81 

2006/05/19 26,49 26,15 25,75 24,80 23,80 23,49 22,48 
 
Table 4:  Implied volatility data SUBSET – PCA model ESTIMATE 

Date 16000 16500 17000 17500 18000 18500 19000 

2006/05/17 25,61 25,47 24,81 21,86 20,77 19,74 19,71 

2006/05/18 24,31 24,15 24,21 20,93 20,16 19,15 20,15 

2006/05/19 26,68 26,61 27,78 23,66 23,72 22,37 22,77 
 
7. MODEL ADJUSTMENT 
 
Alexander (2001a&b) observes that changes in fixed 
strike volatilities are affected by movements in the 
principal components, as the underlying asset price 
changes.  
 
She chooses to model each principal component iP  as 
a function of the underlying price change SΔ , over 
time, and includes a time-varying parameter (t)iγ  (the 
gamma coefficient).  

 
The resultant linear equation is: 
 

(t)εS(t)(t)(t)P iii +Δ= γ  ... (15) 
for 3 2, 1,i = , where iε  are i.i.d N(0,1) . 
 
The gamma coefficients thus represent the sensitivities 
of the principal components to the underlying asset 
price movements. In particular 1γ  affects the trend or 
parallel shifts in the skew, 2γ  the slope, i.e., the range 
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of the skew whether it widens or narrows as the 
underlying moves, and 3γ  the convexity.  
 
Once these coefficients have been estimated on a 
daily basis, the Top40 skew surface can be 
regenerated by replacing the old components in 
Equation (14) with the new ones in Equation (15). 
 
7.1 Estimating the gamma coefficients 
 
The gamma coefficients are estimated by considering 
the covariance over time between the principal 
components and the corresponding daily change in the 
underlying. Recall that the principal components are by 
construction, uncorrelated with each other. The 
covariance is expressed mathematically as: 
 

)S(var
)S,S(cov

)S,εS(cov)S,(Pcov

tti,t

ttti,t

ti,tti,ttti,tt

Δ=

ΔΔ=

Δ+Δ=Δ

γ
γ

γ
 ... (16) 

  
Thus for 3 2, 1,i = , 
 

)S(var
)S,(Pcov

tt

ti,tt
i,t Δ

Δ
=γ  ... (17) 

 
Ideally, the conditional covariance )S,(Pcov tti,t Δ  and 

the conditional variance )S(var tt Δ  would be 
estimated using a bivariate generalised autoregressive 
conditional heteroscedasticity model, i.e., 
GARCH(1,1). For simplicity however, Alexander 
approximates this GARCH process with an 
exponentially weighted moving average (EWMA) 
formulation, using a smoothing constant λ 0,94= . The 
resulting EWMA conditional variance and covariance 
representations are: 
 

2
1t1ttt

2
t σλSλ)(1)S(varσ −− +Δ−=Δ= ˆˆ  ... (18) 

 
With the first point 2

0σ̂  estimated  
 
 … (19) 
 
 

 
with 

 
 ... (20) 
 

for each principal component ,Pi  3 2, 1,i = . 
 
These variance and covariance estimates are then 
used to generate daily ti,γ  estimates: 3 2, 1,i = . A 
sample of the daily evolution of these time-varying 
parameters is provided in Table 5. 

Applying the coefficients in Table 5 to a corresponding 
sample of Top40 futures price change data generates 
daily estimates of the principal components. 
Substituting these into Equation (14) produces daily 
skew change approximations for the gamma-adjusted 
model.  
 
From an implied volatility surface ‘fitting’ perspective 
the gamma-adjusted model is not necessarily as 
robust as the unadjusted model as it includes 
principal component estimates instead of the actual 
values.  
 
Despite this, the strength of the gamma-adjusted 
model remains in its ability to decompose implied 
volatility shocks into trend, slope and curvature effects, 
for given futures price change scenarios. Moreover, 
monitoring the daily evolution of the gamma 
coefficients provides insights into the prevailing market 
sentiment or market regime.  
 
7.2 Analysing the gamma coefficients 
 
In fact, the results show that with shifts in market 
regime the gamma estimates become increasingly 
susceptible to sign changes, particularly the second 
and third coefficients. 
 
Consider for example the period 2nd Feb 2006 - 30th 
Mar 2006: both 2γ  and 3γ  are negative suggesting 
that the range of the skew narrows as the underlying 
increases with most of the movement in the skew 
being generated by the low strike volatilities. From 30th 
Mar 2006 - 11th May 2006, however, 2γ  is positive, 
widening the range of the skew as the index moves up 
- most of the skew change is attributable to the high 
strike volatilities.  
 
In general, the combination of the second component 
and second gamma coefficient drive the expansion 
and contraction of the skew as the underlying 
changes, i.e., when the index moves are negatively 
correlated with the second principal component 2γ  will 
be negative and the range of the skew will narrow as 
the index moves up and widen as the index moves 
down. Most of the skew movements under this 
scenario are created by the lower strikes.  
 
When the index moves have zero or positive 
correlation with the second principal component, the 
range of the skew narrows as the index moves down 
and widens as the index moves up, where high strike 
volatilities move the most. If 02 =γ , the skew will shift 
parallel as the index moves, i.e., all fixed strike implied 
volatilities will move by the same amount as the index 
moves. 
 

S;0,Pti,t0 i
σ)S,(Pcov Δ=Δ ˆ

1S;t,P1t1i,t

S;t,Pti,tt

i

i

σλSλ)P(1

σ)S,(Pcov

−Δ−−

Δ

+Δ−=

=Δ

ˆ

ˆ
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Table 5:  Daily gamma estimates – Data subset  
 

Date Gamma 1 Gamma 2 Gamma 3 
2006/02/23 0,0045685 -0,0021160 -0,0010195 
2006/02/24 0,0044650 -0,0019866 -0,0009995 
2006/02/27 0,0041484 -0,0016871 -0,0008789 

2006/02/28 0,0041256 -0,0015961 -0,0008659 
 
Overall, for the six month period under consideration, 
the first coefficient typically maintains a positive value 
between 0 and 0,005. The second gamma coefficient 
ranges between -0,003 and +0,003 and the third 
occupies an even narrower range between -0,0015 
and +0,0015. 
 
8. CONCLUSION 
 
This study implements Alexander’s S&P volatility skew 
model in the less liquid Top40 options market using 
Principal Component Analysis. The results show that 
emerging market volatility can be expressed as a 
function of three independent factors: trend, slope and 
convexity. Collectively they explain close to 80% of the 
variability in Top40 skew data. 
 
The decomposition of volatility risk into these three 
independent factors enables, for example, the hedging 
of implied volatility risk to be considered at a 
component level and not necessarily at an individual 
strike level. Such a component-based hedge is 
effective in that it takes into account the correlation 
structure between implied volatilities of options 
spanning a range of strikes.   
 
Moreover, the parametric adjustments made to the 
model allow for a regime-based approach to modelling 
implied volatility risk. That is, for given changes in the 
underlying price (reflecting a particular scenario or 
market regime) the model provides estimates of 
changes in the implied volatility skew in terms of trend, 
slope and convexity effects relative to each of these 
scenarios - this is useful in both risk management and 
trading.    
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