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The effect of yield curve shape and level on bond immunisation
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ABSTRACT
The effect of different-shaped yield curves on the effectiveness of bond
immunisation was investigated. Bonds were priced using historical yield
curves of various shapes and simulated interest rate shocks applied. The
resulting end-values of these bonds were calculated and compared at
relevant duration dates using symmetrical (positive and negative)
shocks. Yield curve shape and position were found to be important
factors for immunisation effectiveness and results also demonstrated
that – all else held constant – immunisation effects are asymmetrical for
shocks of different sign. Changes in bond value are consistently less
pronounced for positive shocks, regardless of yield curve shape or level.
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Introduction

A degree of risk and uncertainty characterises all financial markets. There is no completely riskless
investment choice, but investors can make decisions that can help minimise risk exposure (Blench &
Affleck-Graves, 1984). Equity investors suffer from price uncertainty risk, no guarantee of dividend
payments and the possibility that listed companies default, paying out shareholders after debt
holders and other claimants (Prince, 2010). Foreign exchange investors are subject to uncertainty
in exchange rate levels, and fixed-income investors to the risk of issuer default and yield curve shifts.
Yield changes result in the possibility of reinvesting income at higher than expected rates (but the
value of the debt falls) or lower than expected rates (but the value of the debt increases). These
changes are not necessarily completely compensatory: the asymmetry results in risk to the investor.
Other fixed-income risks include premature repayment risk, conversion to equity due to options
embedded in the debt structure and default risk for sovereign loans (Fabozzi, 2007).

Various approaches to measuring and managing these risks exist. In equity and foreign exchange
markets, value at risk (VaR) is a statistical approach used to quantify the potential loss in value, for a
given level of confidence over a specified time horizon. Risks associated with interest rate sensitive
instruments can be measured using a ‘full valuation’ approach or a ‘duration/convexity’ approach.
The former re-values a bond for given interest rate change scenarios, also known as scenario analysis,
while the latter uses both duration and convexity in an attempt to estimate price sensitivity to interest
rate changes (‘duration’ refers to modified duration throughout this article, unless otherwise stated).
This is sometimes quantified by a measure called price value of a basis point (PVBP) (Fabozzi, 2007).
Financial institutions also use duration GAP analysis, which measures the financial institution’s net
worth sensitivity to interest rate changes (Mishkin, 2013).

In the bond market, a considerable risk investors face is the uncertainty of future interest rates,
since a change in interest rates could have an effect on the expected value of their bond portfolios
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(Blench & Affleck-Graves, 1984). Interest rate fluctuations affect the capital portion of the bond
value if bonds are sold before maturity, which, in turn, affects expected income because coupons
must be reinvested at different interest rates than those at purchase. An increase in interest rates
negatively affects the capital portion of the bond, while positively affecting the expected income
of the bond from coupon flows; bonds sold before maturity are valued at lower prices. Conversely,
higher interest rates mean that investors can reinvest coupons at higher rates and can expect a higher
income.

A portfolio is immunised if the value of the asset portfolio is at least as large as it would have been
regardless of interest rate fluctuations (Fisher & Weil, 1971). The theory of bond immunisation
entails the construction of a bond portfolio in such a way that interest rate movements will affect
these two elements equally in the opposing directions. Matching the duration of the asset portfolio
with the duration of the liability, in theory, allows for both the asset and liability to move by the same
amount when the interest rate changes, such that the expected value of the asset portfolio is at least as
much as the expected value of the liability, regardless of interest rate fluctuations. In the case where a
liability is not involved, immunisation would mean matching the duration of the portfolio with a
target horizon so that the future value of the portfolio at the target horizon date is at least as
much as the expected target value for that date (Fong & Vasicek, 1984).

Both insurance companies and pension funds have future obligations that must be met. They
often invest in bond portfolios to fulfil these future obligations. If interest rates change over any
given period, the expected value of a portfolio changes, which causes affected parties to have either
an under- or over-provision. Bond immunisation is important as it allows for an opportunity to
minimise this risk. Immunisation is not only useful to pension schemes; it can also be used by finan-
cial institutions to minimise the present outlay to meet fixed future cash obligations. In addition, it
can be used by portfolio managers to provide a degree of stability in times of turbulent interest rates.

Over the past 70 years (2014) there have been many of bond immunisation and various different
theories on how it can be achieved studies (see, for example, Redington 1952; Bierwag, 1977; Shiu,
1987). Duration matching is one such idea; others include cash flow matching, volatility matching
and convexity matching. Over time these theories have been adapted to help eliminate some of
the shortcomings experienced from earlier immunisation techniques. The duration matching
approach has proved the superior approach to bond immunisation, with the use of Macaulay’s
measure of duration favoured over its counterparts because of its simplicity (Bierwag, Kaufman,
& Toevs, 1983).

Previous studies and tests (Redington, 1952; Bierwag, 1977; Shiu, 1987) on immunisation have
relied on various assumptions for simplicity, such as the portfolio must be balanced continuously
and that costs involved with this rebalancing must be zero. These assumptions are not valid in prac-
tice. Although effective bond immunisation requires that these hold, Fisher and Weil (1971) demon-
strated that the impact of both effects on bond portfolios is inconsequential. A further assumption
asserts that immunisation must be based on single factor duration models (i.e., interest rate changes
must be perfectly correlated), but advanced immunisation techniques relax this assumption (Bier-
wag, et al., 1983). A further assumption that is also still commonly used for bond immunisation
is that the yield curve is flat, although Bierwag (1987) demonstrated that other yield curve shapes
and changes still give valid immunisation results.

To date, the literature has been silent regarding quantifying the effects of changes in relevant vari-
ables on bond immunisation effectiveness, in particular, yield curve shape and position. With a var-
iety of significant, recent, and profoundly different historical yield curve shapes now available, the
impact of yield curve shape and position has been isolated and explored in detail. The effect of
changes in other salient variables on immunisation effectiveness has also been examined for comple-
teness, and the results serve as a post-credit-crisis update of these effects.

The remainder of this article proceeds as follows. The next section provides a survey of the avail-
able literature pertaining to bond immunisation techniques. The section following that sets out the
data used and the rationale for the choices made, while the third section establishes the mathematical
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methodology employed. The results obtained and consequences associated with the results are dis-
cussed in the fourth section, while the final section concludes.

Literature review

The theory of immunisation was established independently by three Nobel economists: Hicks
(1939), Samuelson (1945) and Redington (1952). Their theories were all based on the definition
of the Macaulay duration, then known as the ‘mean term’. Redington (1952) coined the term ‘immu-
nisation’ and asserted that a portfolio could be ‘immunised’, or protected against a parallel shift in
the yield curve, if the Macaulay duration of the assets were equal to that of the liabilities, with the
requirement that the assets are more spread out (in time) than the liabilities (Shiu, 1987).

Fisher and Weil (1971) furthered Redington’s (1952) immunisation work, but included two
unrealistic assumptions: that yield curve movements must be parallel shifts and no costs are involved
when purchasing and selling bonds within the portfolio or reinvesting coupons. Fisher and Weil
(1971) conducted a practical empirical simulation to test if immunisation still held when these
assumptions no longer applied. Fisher and Weil (1971) argued that constantly analysing and
rearranging the portfolio (rebalancing) was unrealistic, and tested the cost implications of rebalan-
cing the portfolio once a year. Their tests concluded that with the assumptions removed, cost impli-
cations were insignificant.

Bierwag (1977) expanded on Fisher andWeil’s (1971) study and asserted that, although he agreed
with Fisher and Weil’s (1971) results, immunisation was far more complex because of the fact that
duration varies stochastically, since changes in future interest rates vary stochastically and the latter
dominates the determination of the former (Bierwag, 1977). Investors would have to predict the sto-
chastic processes governing changes in yields to be used in the model. His paper was focused on the
investors’ uncertainty and, based on the assumption that the uncertainty of the future yield structure
is randomly related to an observed structure, he created some investment models that were more
advanced than previous ones.He concluded, based on his models, that using duration-based immu-
nisation and rebalancing the portfolio by trading bonds, investors’ returns would not be less than
what they would have been in a situation of certainty and portfolios would therefore have been
immunised (Bierwag, 1977).

Bierwag, Kaufman, and Toevs (1983) agreed with previous studies, but suggested that other risks
may be present. Investors needed to predict the underlying stochastic processes governing yield
changes to immunise portfolios against interest rate risk. Incorrectly predicting the stochastic pro-
cess would mean that the portfolio would not be immunised effectively, known as ‘stochastic process
risk’ (Bierwag, et al., 1983). Prior to this work, immunisation studies were based on single liabilities,
but Bierwag, Kaufman, and Toevs (1983) showed that multiple liabilities over different investment
periods could also be immunised, using the duration matching approach at the cost of increasing
complexity, particularly if the stochastic processes did not satisfy equilibrium conditions.

Bierwag, Kaufman, and Toevs (1983) also proposed ‘active duration strategies’ in which investors
attempted to predict future interest rate movements and established portfolios that have durations
either longer or shorter than the investment horizon to benefit further from interest rate movements,
while assuming more substantial risk. These active strategies would only be possible if the investors’
interest rate forecast differed from that of the market’s forecast. Bierwag, Kaufman, and Toevs (1983)
further suggested that a hybrid of immunisation and active strategies could produce a strategy that
guarantees a minimum return, but allow for the possibility of higher returns, known as contingent
immunisation (Bierwag, et al., 1983).

Fong and Vasicek (1984) expressed concern that the portfolio would not be immunised unless
interest rate changes actually conformed to the predicted stochastic process. To overcome this, a
bond portfolio was established and the exposure of interest rate changes to each portfolio character-
istic determined. By minimising these risk measures, a portfolio could be structured in such a way as
to have as little exposure to interest rate fluctuations as possible. At the time, Fong and Vasicek said,
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“[T]his is indeed the perfectly immunised portfolio, since no interest rate change affects its end-of-
horizon value" (Fong & Vasicek, 1984, p. 1543).

Shiu (1987) repeated Fisher and Weil’s (1971) immunisation tests and found that the duration-
based immunisation did not work nearly as well as originally reported. Shiu (1987) also found that
the tests could not consistently beat the ‘naïve scheme’ of maturity matching. Interest rate shocks
were introduced as functions of time rather flat, time independent shocks. Maintaining the assump-
tion of zero transaction costs, Shiu (1987) concluded that duration immunisation does not comple-
tely eliminate the interest rate risk of a portfolio, because the portfolio could lose value as interest
rates change and time passes (Shiu, 1987).

Litterman and Scheinkman (1991) demonstrated that bond returns are dominated by three factors,
(three different characteristics of the yield curve): the level of interest rates, the slope of the curve and
the curvature of the curve. With a better understanding of each of these factors, a portfolio manager
would be better equipped to hedge against some of the risks in the market. Litterman and Scheinkman
(1991) demonstrated that these factors explained the majority of return variability across the entire
spectrum of maturities. Thus it was possible to determine how fixed-income instruments, which do
not fall under the same sector, could be hedged. Different bonds or bond portfolios may be more
or less sensitive to each of the three factors. Litterman and Scheinkman (1991) found that although
duration hedging reduced the systematic risk produced through changing interest rates, it could not
eliminate it because other systematic risks exist in the market. Using a three factor model, the level
of the yield curve was found to account for 90% of bond return variability, the slope of the yield
curve accounted for 8% and the curvature of the yield curve, the remaining 2%. Litterman and Scheink-
man (1991) assembled portfolios that were only sensitive to a single factor, making hedging the port-
folio against prevailing yield curve risks considerably simpler (Litterman & Scheinkman, 1991).

Diebold, Ji and Li (2004) conducted a study similar to that of Litterman and Scheinkman (1991)
in which a three factor model was constructed to assess the effects of different yield curve character-
istics and their effect on bond risk management. The three factor model was able to adequately
describe the relationships of these three factors. The Macaulay duration was found to be useful
for one factor immunisation models, while three factor models, which employed ‘three-factor gen-
eralised duration’ measures, significantly improved bond immunisation results (Diebold, et al.,
2004).

Reitano (1992) asserted that many immunisation strategies disguise a number of risks resulting
from the traditional assumption of parallel yield curve shifts. Maintaining duration targets is difficult
and if these targets are not maintained, small mismatches lead to large price differences. Failure to
incorporate convexity into bond immunisation could lead to ‘reverse immunisation’. Effective
immunisation would require a movement away from traditional immunisation models to models
that are more complex and that alter the necessary conditions. Reitano (1992) quantified the risk
brought upon by the assumption of parallel shifts in the yield curve and concluded that while immu-
nisation may not be an impossible goal, it often does not work in practice.

After the 2007/2008 financial crisis, Jaffal and Rakotondratsimba (2011) revisited the bond
immunisation technique and the ideas of Fisher and Weil (1971). The financial crisis highlighted
that yield curve changes were far from parallel (Jaffal & Rakotondratsimba, 2011), so Jaffal and Rako-
tondratsimba (2011) attempted to extend Fisher and Weil’s (1971) work by: relaxing the assumption
of parallel yield curve changes, including short positions in the portfolio without additional costs and
embracing the passage of time. An immunisation model was established that allowed for non-par-
allel interest rate changes and existing immunisation models were augmented to allow for more
effective portfolio hedging (Jaffal & Rakotondratsimba, 2011).

Data

All data employed were extracted from Bloomberg. Bonds of varying maturity and coupon rates were
simulated and their theoretical values obtained, using empirical United Kingdom (UK) sovereign
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yield curves which were collected monthly over the period August 2000 to September 2014. UK yield
curve data were selected as they are the far more complete (more node points) than South African
yield curve data over the same period. In addition, UK yield curves provide good examples of com-
mon yield curve shapes (humped, upward and downward sloping, and flat) which resulted from the
fact that the investigation period was turbulent and highly variable. The yield curve source is incon-
sequential to the analysis, however; these could have been simulated as well, but the decision was
made to use actual, observed yield curves to establish simulations that were as realistic as possible.

This period was chosen as it provided the opportunity to explore the effects of different yield
curve shapes that were experienced prior to the 2007/8 financial crisis, during the crisis and post-
crisis (2015). Figure 1 shows the yield curve ‘surface’ prior to, during and after the 2007/8 crisis.
The pre-crisis period yield curves are predominantly downward-sloping, during-crisis, flat, and
post-crisis generally upward-sloping.

The data chosen were 1-month to 30-year spot rates and a cubic spline was used to interpolate
between yield nodes to generate a 360-node yield curve every month for 14 years.

Methodology

Figure 2 illustrates the impact of interest rate shocks on a bond when sold at its modified duration
date (Phoa, 1998).

Three different interest rate shocks are indicated: one in which the duration equals the investment
horizon and two others in which the duration is less than the investment horizon, but the rate shock
is positive/negative. Interest rate shocks of varying magnitudes take place after two years, where the
bond value changes abruptly as a result.

Where the duration is less than the investment horizon, price changes as a result of interest rate
shocks are greater and the altered values grow to levels on the sale date (duration) that are different
from the value of the bond in the absence of the interest rate shocks. In the case where the bond is
sold at its duration date, the price increase/decrease at t = 2 is offset by the lower/higher reinvest-
ment rate. Despite the increase/decrease in value after the interest rate decrease/increase, the bond

Figure 1. Yield curves (generated using cubic spline interpolation) as a function of time between 2000 and 2015, showing the
various yield curve shapes.
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value equals that which it would have been on the sale date, regardless of the direction of the interest
rate shock.

The bond is purchased for 100 at t = 0. The maturity is not of interest since the bond is sold
before maturity; what matters is that the duration of the bond is 10 years and that this investment
horizon is shorter than the bond’s maturity. Interest rate shocks occur at t = 2 and terminal values
for various scenarios are indicated at t = 10 for comparison. The ‘constant growth’ line indicates the
bond value if the YTM had not changed throughout the investment period.

Assumptions

The following assumptions were made:

1. The model uses only semi-annual bonds. These may be sold in any month, at the start of that
month for simplicity. Differences between results obtained using this simplification and those
using the exact transaction date – determined by the duration – are small and do not affect
the conclusions.

2. Bonds are valued using semi-annual compounding, employing cubic-spline-interpolated interest
rates extracted from empirical UK yield curves. Annual, quarterly or other frequency coupon
bonds will change the magnitude of the observations, but neither signs nor trends.

3. Convexity has been taken into account to determine bond price changes.
4. Individual bonds – rather than bond portfolios – were used. The effects will be similar because

durations scale linearly with bond values. That is, the duration of a bond portfolio, Dp, compris-
ing n bonds, with weights wi with i = 1, 2 . . . n is calculated using Dp =

∑n
i−1 wi · Di where Di

is the ith bond’s modified duration. This was done to isolate and identify the effect of altering
relevant variables, rather than average out these effects over a variety of bonds.

5. Interest rate shocks occur at the very start of the investment horizon. Shocks that occur at times
later than the bond commencement date simply shift the impact start date, so no useful infor-
mation is derived from this approach.

6. No shocks subsequent to the initial shock are applied. Incorporating multiple, non-simultaneous
shocks complicates analysis because distinguishing between the shocks’ influence is difficult.

7. There are no costs involved in the rebalancing process. Taking costs into account should affect
magnitudes of results, but not overall conclusions.

8. There are no embedded options in the bonds, so effective duration is not used.
9. Interest rate shocks are parallel shifts in the yield curve. This is a common assumption, known to

be flawed, but employed here for simplicity. Fisher and Weil (1971) developed effective bond

Figure 2. The growth path to the expected ending-wealth value and the effect of immunisation.
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immunisation strategies which explicitly took non-flat term structures into account and Bierwag
(1977) and Bierwag and Kaufmann (1983) have demonstrated that many definitions of duration
are possible. Bierwag (1977), in particular, showed that appropriate definitions of duration
depend upon the manner in which the term structure is assumed to shift from period to period.

The model

The influence of the yield curve on the effectiveness of bond immunisation was tested, using an
Excel-based model. This model employed well-established pricing techniques to present-value and
future-value coupons, the bond face value and the cash price of the bond at the sale date. The yields
used to accomplish this were observed in the market (described in the methodology section). Price
differences were calculated and compared for various interest rate shocks, yield curve shapes and
bond parameters. The model has three principal input components:

1. bond characteristics (coupon rate, maturity, notional, etc.),
2. yield curve shape and position; and
3. interest rate shocks (all parallel, but different sizes).

Bond present values (PV) are calculated using discounted future cash flows:

PV =
∑n
i=1

CFi

1+ ri
2

( )i (1)

where the ith semi-annual spot rate, ri, is read directly from the relevant yield curve and the num-
ber of periods is the number of semi-annual periods until the ith cash flow. The factor 2 in the
denominator originates from the semi-annual coupon payments (and hence compounding fre-
quency). The (now known) PV from (1) is used in (2) and the flat, constant YTM (y) – assigned
to all cash flow dates – is reverse-engineered, using an iterative process such as a Newton-Raphson
method.

PV =
∑n
i=1

CFi

1+ y
2

( )i (2)

The modified duration, DM , is calculated using (3), rounded to the nearest beginning of a month.

DM = 1

P · 1+ y
2

( ) ·
∑n
i=1

i
2
· CFi

1+ y
2

( )i
⎡
⎢⎣

⎤
⎥⎦ (3)

where P is the price of the bond, CFi is the cash flow in period i, y is the YTM, i = 1, 2, . . . n
where n is the number of semi-annual periods to maturity.

Future values (FV) are calculated by projecting cash flows using (4). This involves selling the bond
(for a price determined by (2)) at its modified duration date while reinvesting coupons at the new,
shocked YTM.

FV =
∑m
i=1

CFi · 1+ y
2

( )m−i
(4)

where m is the number of semi-annual periods until the modified duration date. For a semi-
annual bond with modified duration 4.5 years (9 semi-annual periods), the first coupon’s future
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value at the modified duration date is CF1 · 1+ y
2

( )9−1
= CF1 · 1+ y

2

( )8
. Since the first coupon is

paid after one period, eight semi-annual periods remain until the modified duration date.
Testing is effected by applying various shocks to calculated YTMs. The price difference between

holding the bond to maturity (terminal value = face value + sum of coupon future values) and selling
the bond at its modified duration (terminal value = price on modified duration sale date + sum of
coupon future values) is then determined and compared.

The next section presents the empirical results obtained. Details of the mathematical derivation of
duration sensitivities to various constituent variables are presented in the appendix. These deri-
vations are based on work by Feng and Kwan (2012) and sources therein.

Results and discussion

Yield curve shapes and bond characteristics

Yield curves describe the relationship between bond yields and maturities. They are important tools
used extensively by fixed-income investors as a benchmark for forecasting interest rates, pricing
bonds and constructing investment and hedging strategies. They are also leading indicators of econ-
omic activity: different shapes imply different market expectations and sentiments. Figure 3 shows
the different yield curves used in this analysis.

Table 1 indicates the periods chosen to reflect the yield curve shapes.
Bond parameters selected are shown in Table 2.

Minimisation at duration date

The quantity of interest is the difference between the value of the bond (plus associated cash flows)
determined at the duration date for an increase in YTM and a decrease in YTM (of the same mag-
nitude) expressed as a percentage of the value of the bond at the duration date with no change in
YTM, i.e.:

% difference = BYTM−shock − BYTM+shock

BYTM

( )∣∣∣∣
t=D

(5)

Figure 3. Characteristic yield curve shapes observed over the period of interest: (a) upward (Jan 09) and downward (Sep 06) slop-
ing and (b) humped (Oct 08) and flat (Dec 04). Vertical scales are different for emphasis.
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where BYTM+shock is the value of the bond priced using the original YTM+ the applied shock and
the quotient is evaluated at D, the duration date.

To establish whether selling the bond at its duration date really does minimise the percentage
difference in (5), sales of the bonds were effected a few months either side of relevant duration
dates, and the values of the bonds at transaction date then calculated. The percentage differences
(using (5)) for a 20y semi-annual maturity bond, coupon 5%, and an upward sloping yield curve
are shown in Figure 4.

Chua (1985; 1988) explored the relationship between maturity, duration and the effectiveness of
immunisation at both dates using similarly constructed bonds to those assembled here. Chua’s work
(1985; 1988) focused on the derivation of a closed-form solution for the duration calculation and
ignored different yield curve shapes and levels.

Although the magnitude of the percentage difference varies for different bond parameters, the
conclusion remains the same: sale of the bond at the duration date always results in

min
BYTM−shock − BYTM+shock

BYTM

( )
.

Maturity and shock size

Two important observations about the percentage difference in (5) are noted:

. if the immunisation were completely effective, the percentage difference in (5) should be 0,
regardless of maturity, coupon or shock size; and

. even if not perfect, immunisation should generate symmetrical results for increases and decreases
in YTM. That is, even if the difference between bond values increases for increasing shock mag-
nitudes, the variation from BYTM should be the same.

Neither of these effects was observed. Figure 5 shows values obtained from (5) for various matu-
rities and increasing shocks, indicating that the difference between the quantities in the numerator
are not equal. This is not an unexpected result. Because of the convexity of the price/yield relation-
ship, a decrease in yields produces a bigger change in price than a similar increase in yields (see, e.g.,
Fisher & Weil, 1971 and Bierwag, et al., 1983). In addition, it has been demonstrated that convexity
increases with maturity, decreases with coupon rate and decreases with yield (Nawalkha, Soto, &
Beliaeva, 2005 and Choudhry, 2011). Nevertheless, this has not been quantified in this way in the
literature to date.

Percentage differences of BYTM+shock /BYTM are shown in Figure 6. Not only are the values asym-
metrical around 0% (with BYTM−shock /BYTM , BYTM+shock /BYTM), but the curvature of these differ-
ences is also asymmetrical, i.e., both have positive curvature. The magnitude of the percentage
difference is also greater, in all cases, for BYTM+shock /BYTM than BYTM−shock /BYTM. Hawawini

Table 1. Yield curve shapes and associated historical periods.

Yield curve shape Historical period

Upward sloping Jan-09 Mar-09 Jun-11 Jun-12
Flat Sep-01 Mar-04 Dec-04 Aug 05 – Dec 05
Downward sloping Aug-00 Sep-06 Dec-06 Sep-07
Humped Oct-08 Nov-08 Dec-08 Jan-08

Table 2. Bond parameters.

Coupon rate Coupon Frequency Face value Yield curves shapes Maturity Shocks

6% ≤ c ≤ 10% Semi-annual 100 Table 1 0.5 ≤ m ≤ 30 years 10 ≤ s ≤ 250 bps
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(1984) explored the relationship between bond duration and the term to maturity, including port-
folios of bonds, but this work embraced only simple, flat, linear yield curves with parallel shifts.
Alternate measures of duration were also considered, but none was found to be as robust as the
modified duration results (Hawawini, 1984).

Yield curve shape

The effect of yield curve shape on immunisation effectiveness is shown in Figure 7. Directional
yield curves, i.e., with pronounced gradients either upwards or downwards, resulted in statistically
significant differences. As maturity increases, the percentage difference (from (5)) increases and at
a slightly (but – at the 99% level – statistically significant) faster rate for upward sloping yield

Figure 4. Percentage differences using (5) as a function of months from the duration sale date for a 20y, 5% coupon, semi-annual
bond. All bonds and yield curve shapes gave the same result.

Figure 5. Percentage differences for increasing maturities and YTM shocks (using (5)). Negative values indicate that
BYTM−shock , BYTM+shock. The results were similar for all yield curve shapes.
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curves. Humped and flat yield curves showed no statistically significant difference from each
other nor from the results obtained for downward sloping yield curves. They were statistically
different from the upward sloping yield curve results. Chua (1984) explored this effect, but for
parallel shifts on flat yield curves, and Caks, Lane, Greenleaf, & Joules (1985) examined this effect
– again using a flat yield curve – but principally to validate a new, closed-form derivation of
duration.

YTM

The effect of YTM on immunisation effectiveness is shown in Figure 8. The YTMs were generated
from the historical yield curves (described in Section 3) and bonds with characteristics described in
Table 2.

Trends are similar for all maturities, i.e., negative and all percentage changes are , 0, ∀ YTM
and maturities. The variation is considerable, resulting in low R2 values (0.2 ≤ R2 ≤ 0.4) for the
regressions displayed in Figure 8. This variation is explained by the different yield curve shapes –
each one is unique by definition and even small differences in yields can exert significant influence
on the output of (5) (which becomes more pronounced as maturities increase).

Figure 6. Percentage differences of BYTM−shock /BYTM and BYTM+shock /BYTM for increasing maturities (a) 6y, (b) 12y, (c) 20y and
(d) 30y and YTM shocks illustrating the asymmetry between the values. Results were similar, regardless of yield curve shapes. Ver-
tical scales are identical for comparison.
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Figure 7. Effect of yield curve shape on immunisation effectiveness for (a) downward sloping and upward sloping yield curves and
(b) humped and flat yield curves. Vertical scales are identical for comparison.

Figure 8. The effect of increasing YTM and maturity on immunisation effectiveness for maturities of (a) 10y, (b) 15y, (c) 20y and
(d) 25y. Vertical scales are identical for comparison.
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Maturity

The results described in the previous section may be viewed from another angle, i.e., from an increas-
ing maturity point of view rather than an increasing YTM. These results are shown in Figure 9 for
increasing maturities and YTMs. Again, the results are similar for all maturities and YTMs, i.e., the
sensitivity of (5) to maturity is in all cases negative and for all but the shortest of maturities, the per-
centage difference from (5) is negative. For short maturities (m , 8 years) and YTMs, 5%, positive
output from (5) is possible. As YTMs increase, the magnitude of (5) increases.

Level of flat YTM

The final investigation explored the effect of flat yield curves so as to isolate the influence of yield
curve level or position rather than shape (all prior results use empirical yield curves complete
with associated vagaries). Considerable variation was again observed for various maturities and cou-
pons, but the important results are shown in Figure 10. Error bars provide an indication of variation
in the results.

The output from (5) is again negative for all flat yields, a now familiar result. As the yield level
increases, however, the rate of change of the percentage difference diminishes. For flat yields
≥ 9%, the output from (5) is itself flat. Higher yield levels no longer result in larger percentage differ-
ences. This could have interesting consequences for yield curves at high levels. Although yields of 9%
seem extremely high in the current (2015) historically low yield environment, they are not unheard of

Figure 9. The effect of increasing maturity and YTM on immunisation effectiveness for YTMs of (a) 2.5%, (b) 3%, (c) 4% and (d) 5%.
Vertical scales are identical for comparison.
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for developing economies. Indeed, Russia recently (December 2014) raised interest rates to 17% – an
unusual move – to stem a run on its currency, but proof positive, nevertheless, that ‘high yield
environments’ (as defined above, yields . 9%) can and do arise.

Conclusions and suggestions

The objective of this work was to establish whether yield curve shape and level affects bond immu-
nisation effectiveness. Bonds with different maturities, yields to maturity (as determined by the pre-
vailing, empirical yield curve), coupon rates and under different market conditions (distinguished by
yield curve shapes and interest rate shocks) were used to establish whether selling these bonds at
their duration dates minimised the difference between expected and realised future values of the
bonds plus their associated cash flows. This established, bonds of various coupon rates, maturities
and YTM were selected and the percentage difference from (5) determined.

Immunisation was found to be asymmetric with respect to positive and negative interest rate
shocks. At the duration date, bonds which undergo positive yield shocks are consistently more differ-
ent (negative) from bonds which suffered no such shock than bonds which underwent negative yield
shocks. This is true for bonds of all maturities, coupon rates and YTMs, and under all yield curve
shape scenarios (although magnitudes, of course, differ, increasing for maturity and size of shock).

The percentage difference (from (5)) increases at a faster rate for upward sloping yield curves than
for all other shaped yield curves for increasing maturities, but at smaller maturities (1 ≤ m ≤ 5
years), the magnitude of the difference in (5) is smallest for upward sloping yield curves. This is a
direct consequence of the shape of the bond price/yield relationship.

The percentage difference increases as YTM increases, a fact that is also true for flat yield curves,
but the change in percentage difference/change in yield slows and tends to zero for YTM ≥ 9%,
which may be of interest for bond investors in high yield environments.

A number of investigations could constitute future research. Individual bonds – rather than bond
portfolios – were used in this study. Although the effects should be similar because durations scale
linearly with bond values, this remains to be conclusively confirmed. Interest rate shocks were
assumed to occur at the start of the investment horizon and no shocks subsequent to the initial
shock were applied. Stochastic shocks, applied at random dates, could provide even more realistic
information about realistic immunisation efficiency. Costs were also ignored in the rebalancing pro-
cess, but these could be included in future studies. The effect of bond sales at the duration date for
bonds with embedded optionality could also reveal interesting immunisation efficiency issues.

Finally, the effect of non-parallel shifts in the yield curve on immunisation under different
yield curve shape scenarios was also not explored. If the assumption of a parallel shift in the

Figure 10. Effect of flat yield curves on immunisation effectiveness for 1% ≤ yield curve ≤ 15% levels; all maturities and coupon
rates as defined in Table 2.
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term structure of interest rates is violated – even slightly – convexity gains (resulting from the
curvature of the bond price-yield relationship) disappear (Feng and Kwan, 2011). In addition,
large parallel shifts in the yield curve are inconsistent with arbitrage-free term structure
dynamics; such shifts occur rarely in the bond markets (Reitano, 1992). Future theoretical and
applied research could take realistic yield curve shifts into account, using a Monte Carlo tech-
nique in which historically observed volatilities of, and correlations between, yield curve node
points are preserved.
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Appendix

For a required return y each period (also known as the yield to maturity) the price P of a bond with
coupon rate c (hence the associated periodic coupon payment C(= c · F) where F is the face value of
the bond) is:

P = C
1+ y

+ C

(1+ y)2
+ . . .+ C

(1+ y)n
+ F

(1+ y)n
(6)

In practice, the quoted annual yield to maturity is my and annual coupon mC, where m is the
annual coupon payment frequency (so for semi-annual payments, m = 2).

To evaluate the impact of changes to y on P, the first derivative of P with respect to y (in (6)) is
taken. The result is:

dP
dy

= − 1
1+ y

( )
× C

1+ y
+ 2C

(1+ y)2
+ . . .+ nC

(1+ y)n
+ nF

(1+ y)n

[ ]
(7)

Combining (6) and (7) gives:

dP
P

= −D
dy

1+ y

( )

where D is the Macaulay duration, given by:

D = − dP
P

1+ y
dy

( )
(8)

It is convenient to write (8) as:

D =
C

1+ y
+ 2C

(1+ y)2
+ . . .+ nC

(1+ y)n
+ nF

(1+ y)n

[ ]
C

1+ y
+ C

(1+ y)2
+ . . .+ C

(1+ y)n
+ F

(1+ y)n

[ ][ ] (9)

which may be written as:

D =
c
∑n

h=1
h

(1+ y)h
+ n

(1+ y)n

c
∑n

h=1
1

(1+ y)h
+ 1

(1+ y)n

(10)

where h is a summation parameter.

Impact of coupon

To assess the impact of changes of c on D analytically, ∀ y . 0 and n ≥ 2 first establish the weighted
average arrival times for the n coupons only, denoted as q. This gives:

q =
c
∑n

h=1
h

(1+ y)h

c
∑n

h=1
1

(1+ y)h

=

∑n
h=1

h

(1+ y)h∑n
h=1

1

(1+ y)h

(11)
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Now, (10) may be written:

D =
c
∑n

h=1
1

(1+ y)h

[ ]
× q + 1

(1+ y)n

[ ]
× n

c
∑n

h=1
1

(1+ y)h
+ 1

(1+ y)n

(12)

i.e., a weighted average of q and n. Thus, the higher the coupon rate c, the higher the weight given to
q, and the lower the weight given to n. Thus, with q , n the bond’s duration is lower. In a similar
manner, a lower coupon rate will lead to a higher duration, i.e., there is an inverse relationship
between D and c for any given n and y.

Impact of yield

To assess the impact of changes in y on D for n . 1, (11) and (12) may again be used. In (11), higher
y makes present values of distant coupons progressively lower. Thus, earlier coupons will receive
progressively higher weights to establish q and the end result is a lower q. Subsequently, when D
is expressed as a weighted average of q and n in (12), the weight that n receives is:

1
(1+ y)n

c
∑n

h=1
1

(1+ y)h
+ 1

(1+ y)n

= 1

c
∑n

h=1
1

(1+ y)n−h + 1
(13)

Hence, the higher y, the lower the weight that n receives, so a higher y not only reduces q, but also
provides a higher weight for q in the weighted average of q and n to establish D. Accordingly, a higher
y will result in a lowerD. Likewise, a lower y will result in a higherD. An inverse relationship between

D and y thus exists for any given c and n. Since Dmodified = D
1 + y

, the inverse relationship also

extends to Dmodified and y.

Impact of maturity

To explore how duration varies with bond maturity, useDn to indicate that there are n periods before

maturity. This allows (10) to be written as Dn = wn

pn
with wn and pn being the numerator and the

denominator of (10), respectively. For coupon bonds, in which c . 0, the numerator and denomi-
nator (for a bond that matures in n− 1 periods) are divided by 1+ y to give:

Dn−1 = wn − pn

pn − c
(1+ y)

(14)

Using Dn = wn

pn
it is easily shown that:

Dn − Dn−1 = (1+ y)pn − Dnc
(1+ y)pn − c

(15)

∀n . 1, with

c , pn, the denominator (1+ y)pn − c . 0. AsDn . 1 ∀n . 1 so (1+ y)pn − Dnc , (1+ y)pn − c
so Dn − Dn−1 , 1 for all coupon bonds. It can also be shown that if c ≤ y duration always
increases with maturity (Feng & Kwan, 2012).
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